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Fig. 1. Our algorithm takes two shapes as input (a) and computes an approximate dissection of these shapes into a common set of pieces (b). Each shape can
be reproduced by rearranging the pieces via rigid transformations (c, 3D-printed pieces).

The dissection of planar shapes into a common set of reusable pieces is a
classical problem, with connections to geometry processing, fabrication, and
design. Despite its long-standing interest, the problem remains challenging
due to the interplay of geometric constraints and combinatorial complexity.
Existing approaches are limited to exact dissection of simple polygonal
shapes, or can only handle a small number of pieces and introduce signi!cant
distortion when performing approximate dissection of more complex shapes.

We present a fully automatic method for dissecting two-dimensional
shapes into a shared set of pieces that can be rearranged to approximate
multiple target con!gurations. Our approach formulates the problem as a
hybrid optimization pipeline. We !rst perform a continuous optimization
based on a Voronoi-driven decomposition to generate an initial partition.
This is followed by a global optimization step that determines a consistent
rearrangement of pieces while enforcing structural constraints required
for valid, rigid, and non-overlapping assemblies. The !nal re!nement stage
re!nes the solution to best approximate the input shapes.
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Our method guarantees that all pieces admit rigid, non-overlapping rear-
rangements. Moreover, our pieces are more compact and yield less distortion
than the ones obtained by prior work. We demonstrate the generality of
our approach across novel dissection scenarios, including multi-shape rear-
rangements, shapes with complex topology, and reuse-driven settings where
a !xed source shape is partitioned to approximate a target.
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1 Introduction
Ageometric dissection of two shapes of equal area is a partitioning of
these shapes into the same set of pieces, allowing any of the shapes
to be transformed into the other by rearranging the pieces through
rigid transformations (Fig. 1). Geometric dissection has fascinated
mathematicians for centuries, ranging from millennia-old visual
proofs of Pythagoras’ Theorem [Maor 2007] to the very recent proof
that Dudeney’s dissection of the square and the equilateral triangle
is optimal in terms of the number of pieces [Demaine et al. 2026].
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Fig. 2. A valid dissection needs to satisfy long chains of constraints on the
boundary segments of multiple pieces. In this example, segment 1 corre-
sponds to segment 2, which must match segment 3. Segment 3 corresponds
to segment 4, which in turn matches segment 5. Finally, segment 5 corre-
sponds to segment 6. The chain begins and ends at segments that lie on the
silhoue!es of the shapes.

In addition to being an intriguing recreational puzzle, geometric
dissection holds practical value for sustainable design, as it allows
the creation of multiple shapes from a !xed set of parts [Song et al.
2017], or the reuse of parts of an existing shape to create a new,
di"erent shape [Baas et al. 2025].
While any pair of polygons of equal area can be dissected into

a !nite number of pieces, !nding whether two polygons can be
dissected into a given number𝐿 of pieces is NP-hard [Bosboom et al.
2015]. This di#culty motivated Duncan et al. [2017] to introduce
the problem of approximate dissection, where the goal is to !nd a set
of 𝐿 pieces that can be rigidly transformed to reproduce two shapes
as best as possible, as measured by a suitable distance between the
pieces’ arrangements and the target shapes. We adopt the same
problem de!nition and propose an automated algorithm that !nds
dissections with reduced approximation error than those shown by
Duncan et al. [2017], while producing more compact pieces.
Despite the additional freedom o"ered by this problem setting,

!nding an approximate 𝐿-dissection of two arbitrary shapes re-
mains di#cult because the joint partitioning of two shapes yields a
vast design space to explore, in which the shape of the pieces and
their rigid transformations are free variables. In addition, adjacent
pieces need to match along their shared boundary, without any
gaps or overlaps. A key challenge is that correspondences along the
shared boundary induce long-range dependency chains across mul-
tiple pieces (Fig. 2). Small inconsistencies can therefore propagate
globally, making it di#cult to construct valid rigid assemblies.
Duncan et al. [2017] address these challenges by identifying

pairwise correspondences between boundary segments of the two
shapes, and enumerating candidate dissections formed by connect-
ing these correspondences using a tree search. But the combinatorial
nature of the tree search prevents it from scaling to a large number
of pieces. Moreover, during combinatorial optimization, the method
employs a turning-angle–based error metric for fast pruning, while
ignoring length di"erences. In practice, this often yields complex
pieces with fragile, elongated parts. The key strength of our work
is to formulate the joint partitioning of two shapes as a continuous
optimization of the piece shapes using a di"erentiable Voronoi di-
agram. This formulation enables direct control over the resulting
piece shapes through the design of loss functions, while avoiding the
limitations of the combinatorial approach of Duncan et al. [2017].
However, the connectivity of the pieces evolves continuously

through Voronoi optimization, which prevents us from detecting

and imposing chains of hard constraints across their shared bound-
ary segments. We impose these constraints in a second step, once
the connectivity of the pieces has converged. Speci!cally, we !rst
simplify the pieces into coarse polygons, which we then deform to
be identical in both arrangements while preserving the connectivity
found by the Voronoi optimization. We then re!ne the boundaries of
these polygons to best approximate the input shapes while keeping
the pieces rigid.

We demonstrate our method by dissecting diverse pairs of shapes,
including some shown in prior work for comparison. In addition to
achieving higher accuracy and producing more compact pieces than
the algorithm of Duncan et al. [2017], our algorithm can handle a
larger number of pieces, extend to shapes composed of multiple
disconnected components, to shapes containing holes, and to reuse
scenarios where one of the two shapes is reproduced exactly.

2 Related Work
The dissection of planar shapes into a set of reusable and recombin-
able pieces is a challenging problem that spans multiple intercon-
nected optimization tasks, including the design of recon!gurable
objects and the reuse of components from existing shapes in upcy-
cling scenarios.

2.1 Computational Dissection Design
Introduced in the early 19th century, the Wallace–Bolyai–Gerwien
theorem states that any two polygons of equal area admit a !nite
dissection into a common set of pieces [Bolyai 1832; Gerwien 1833].
Abbott et al. [2012] prove a similar result for the case of hinged
dissections, where all pieces are connected in a chain by joints, en-
abling continuous transformations between con!gurations without
disconnecting components. However, practical applications seek
dissections with a minimum number of pieces, which is an NP-hard
problem [Bosboom et al. 2015]. The complexity of geometric dissec-
tion has motivated numerous studies at the frontier of mathematics
and puzzle design [Frederickson 2002; Pargeter 2004], but in most
cases these studies focus on simple polygonal domains, such as rec-
tilinear shapes [Czyzowicz et al. 2007] or speci!c geometric !gures
[Demaine et al. 2026].

Building on these foundations, computational methods have been
introduced to handle more general inputs. Zhou and Wang [2012]
propose a stochastic search framework over discrete grids to gener-
ate dissections for arbitrary 2D shapes, which was later extended to
voxel grids for volumetric dissections [Tang et al. 2019]. Discrete
grids also form the basis of the algorithm by Kita [2023] for dis-
secting shapes into colored polyominoes. Closer to our goal are the
methods proposed by Duncan et al. [2017] and by Li et al. [2018b]
for standard and hinged dissections respectively, where the input
shapes are only approximately reproduced. Deviating from the in-
put provides more freedom to !nd valid dissections, and allows us
to optimize for complementary objectives, such as compactness of
the pieces. Note that Li et al. [2018b] search in a large database of
shapes for pairs that correspond well under a hinged dissection. In
contrast, we aim at !nding the best dissection for arbitrary pairs of
shapes, which is why we compare our results to the ones produced
by Duncan et al. [2017].
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2.2 Modular Design and Reuse
A related line of work focuses on decomposing shapes into compo-
nents that can be reused across di"erent con!gurations. Applica-
tions of this paradigm range from recon!gurable furniture [Song
et al. 2017] to garment reuse [Qi et al. 2025]. A broader overview of
these approaches is provided in Wang et al. [2021].
An important application for modular design is architecture

[Chen et al. 2023; Eigensatz et al. 2010; Fu et al. 2010; Singh and
Schaefer 2010], where the bene!ts of reuse are particularly pro-
nounced at scale. Recent work investigates the segmentation of
wind turbine blades into reusable panels [Joustra et al. 2021; Pup-
ping et al. 2025], as well as the assembly of truss and grid structures
from reused or unconventional elements [Brütting et al. 2019; Co-
labella et al. 2017; Favilli et al. 2025; Kovacs et al. 2017] and the
creation of functional !xtures from everyday objects [Mei et al.
2024]. Other approaches rely on prede!ned modular systems. For
example, Zometool provides a construction paradigm based on a
!xed set of struts of varying lengths connected through specialized
nodes, enabling the assembly of a wide range of three-dimensional
structures [Zimmer et al. 2014]. Similar strategies have also been
explored in garment design, either to create multiple garments from
the same modules [Del Valle et al. 2025; Lin et al. 2025], or to reuse
existing garments to create new ones [Qi et al. 2025]. More related
to shape dissection is the approach by Baas et al. [2025] that ex-
tracts a compact set of surface panels from one or more existing
geometries and reassembles them to approximate a target shape via
partial registration. However, the resulting panels do not connect
seamlessly. Our approach does not assume prede!ned primitives or
discrete element libraries and derives seamless partitions made of
reusable elements directly from the input geometry.

2.3 Voronoi Diagrams in Graphics
Voronoi-based methods have a long-standing tradition in computer
graphics, with their primary use in meshing and remeshing through
centroidal Voronoi tessellations [Lévy and Liu 2010; Liu et al. 2009].
Beyond meshing, Voronoi structures have been successfully applied
across a wide range of domains. For instance, they have been used
in physical simulation [Busaryev et al. 2012; de Goes et al. 2015],
in architectural geometry for structural optimization [Tonelli et al.
2016], and in topology optimization [Lu et al. 2014]. More recently,
di"erentiable formulations of Voronoi diagrams have been used to
address inverse problems in cellular mechanics [Feng et al. 2023;
Numerow et al. 2024]. Recent developments further extend these
ideas to di"erentiable rendering and image processing [Govindara-
jan et al. 2026; Iinbor et al. 2026]. We build our algorithm on the
work of Wu et al. [2024], which optimizes Voronoi diagrams to
generate partitions of 2D shapes for $oor plan design.

In contrast to the above approaches that typically rely on Voronoi
diagrams to decompose a single shape, our algorithm leverages
Voronoi structures to jointly partition two shapes. The evolution of
the Voronoi diagram is jointly optimized with a rigid transformation
of the Voronoi cells, such that the pieces formed by agglomerated
cells register across the two shapes. This formulation revisits the
Voronoi partition as a correspondence-aware representation that

couples partitioning and structural matching within a uni!ed opti-
mization framework.

3 Requirements and Overview
Our inputs are a pair of 2D shapes, A and B, possibly containing holes
and/or disconnected components, and 𝐿 , the number of dissection
pieces. Each shape is represented as a set of polylines encoding
exterior and interior boundaries. We seek to dissect the two shapes
into two arrangements of the same 𝐿 pieces, with the following
requirements:

• I!"#$%&’. Each piece should have exactly the same shape in
both arrangements, up to a rigid transformation.

• S$(#)$!! *"++$*%,"+. In both arrangements, the pieces
should connect seamlessly without overlaps nor gaps.

• S-(.$ (..&"/,#(%,"+. Both arrangements should approxi-
mate the corresponding input shapes as best as possible.

Satisfying all three requirements is challenging: In particular, it is
unclear how to enforce a seamless connection between pieces when
the connectivity between them is not known.

As shown in the Figure 3, our method satis!es the three require-
ments in three stages. We !rst relax the isometry requirement and
partition the two shapes into𝐿 pairs of corresponding pieces so that
the pieces in each pair are as close as possible up to a rigid transfor-
mation (Fig. 3b, Sec 4). After this initial stage, the input shapes are
partitioned without overlaps or gaps, but the corresponding pieces
may not be exactly the same.

In the second stage, we !x the connectivity of this initial partition
and enforce the isometry requirement by relaxing the shape approxi-
mation (Fig. 3c, Sec 5.1). Precisely, we simplify the pieces into coarse
polygons connected via shared vertices along their boundaries, and
we deform these polygons to be identical in the two arrangements
after rigid transformations.
In the !nal stage, we enforce all three requirements: We !x the

rigid transformations, and, keeping the pieces connected, we opti-
mize their boundaries to better align with the input shapes while en-
forcing that they remain identical in the two arrangements (Fig. 3d,
Sec 5.2).

4 Voronoi-based Partition Initialization
The goal of our initial stage is to partition both shapes into pairs
of nearly isometric pieces. Our main insight is to formulate this
problem as a continuous optimization that, starting with a random
initial partition, converges towards a partition that best satis!es
our requirements. Since such a continuous optimization only !nds
local minima, we run multiple instances in parallel to explore the
solution space.
We !rst sample 𝐿 ↑ 𝑀 points inside both the input shapes 𝑁

and 𝑂. Here, we denote these sets of points P𝐿 = {p𝐿𝑀𝑁}𝑂,𝑃𝑀=1,𝑁=1
and P𝑄 = {p𝑄𝑀𝑁}𝑂,𝑃𝑀=1,𝑁=1 where p

𝐿
𝑀𝑁, p

𝑄
𝑀𝑁 ↓ R2. We use Poisson disk

sampling as the initialization to cover the two shapes uniformly,
and we adjusted the 𝑀 such that the 𝐿 ↑ 𝑀 is roughly 𝑃 = 125
in our implementation. We then treat each point as the site of a
cell in a Voronoi diagram and express each piece as the union of
the Voronoi cells assigned to that piece. This process e"ectively
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(a) Input (b) Voronoi-based joint partitioning
(c) Coarse geometric 

dissection
(d) Bijective 
refinement

Step
1 30 120 35010

Fig. 3. Method Overview. Starting from two input shapes (a), we perform Voronoi-based joint partitioning to obtain an initial set of approximately isometric
piece pairs (b), followed by coarse geometric dissection to enforce exact isometry (c), and bijective refinement to be!er approximate the input shapes (d).

produces a partition of the two shapes into 𝐿 pieces made of —
possibly disjoint — cells.
We next optimize the site positions so that the corresponding

cells agglomerate into compact pieces that are as similar as possible
in the two shapes when registered by a rigid transformation. We
express this goal as the minimization of an objective function:

argmin
P𝐿,P𝑀

𝑄iso Liso +𝑄area Larea +𝑄balance Lbalance + Lreg . (1)

The main component of this function isLiso, which promotes the ap-
proximate isometry between the corresponding pieces (Sec. 4.1). The
two terms Larea and Lbalance control the areas of the Voronoi cells
and pieces (Sec. 4.2). Finally, Lreg is a regularization that promotes
the sites to be close to their Voronoi cell centroids (reminiscent
of [Du et al. 1999]) and makes the boundaries of the Voronoi cells
simple. In addition, the regularization aims to keep the pieces con-
nected: Although each Voronoi cell is convex, the pieces may not be.
Non-convex pieces therefore require multiple sites, yet the union of
all Voronoi cells of a piece is not always a connected set (Fig. 3b).
In practice, thanks to this regularization, each piece is connected
by the end of the optimization. The complete regularization term
follows closely Wu et al. [2024] and is given in the Suppl. 1 for
completeness.

The weights in all our experiments are set to𝑄iso = 0.5,𝑄area = 2
and 𝑄balance = 10. We minimize the energy via gradient descent
with 350 steps.

4.1 Promoting isometry
To promote isometry, we perform rigid registration for each pair of
corresponding pieces at each iteration of our optimization and mea-
sure the distance between the boundaries of the registered pieces.

First, we extract the boundaries of the corresponding pieces from
their respective Voronoi diagrams. Since the pieces are not neces-
sarily connected, we only consider the largest connected boundary
component of each, as measured by enclosed area. With the index
𝑅 ↓ {1, . . . ,𝐿} iterating over corresponding pieces in shapes 𝑁 and
𝑂, we represent the piece boundaries as 𝑆𝐿𝑀 = {a1, . . . , a𝑅𝐿 } and
𝑆𝑄𝑀 = {b1, . . . , b𝑅𝑀 } counterclockwise loops.

We use the coherent point drift (CPD) algorithm [Myronenko
and Song 2010] to compute the rotation R between boundary loops

𝑆𝐿𝑀 and 𝑆𝑄𝑀 . For piece 𝑅 , we de!ne the isometry loss as

L(𝑀 )
iso =

𝑅𝐿∑
𝑆𝐿=1

𝑅𝑀∑
𝑆𝑀=1

𝑇𝑆𝐿𝑆𝑀

""R(b𝑆𝑀 ↔ b) ↔ (a𝑆𝐿 ↔ a)
""2, (2)

where a and b are the centroids of the corresponding loops, lever-
aging the fact that the optimal translation aligns centroids of two
point sets [Myronenko and Song 2010]. Here𝑇𝑆𝐿𝑆𝑀 encodes the soft
correspondence weights computed by CPD. Since the algorithm is
sensitive to the initialization of R, we try multiple initializations
and choose the best result. The total isometry loss is then

Liso =
𝑂∑
𝑀=1

L(𝑀 )
iso . (3)

The details of this step and the gradient of Liso with respect to
the site locations P{𝐿,𝑄} are detailed in Suppl. 6.

4.2 Controlling the areas
We follow [Wu et al. 2024] to compute the area 𝑈𝑀𝑁 ↗ 0 of the𝑉th

Voronoi cell of piece 𝑅 . We then encourage the corresponding pieces
in shapes 𝑁 and 𝑂 to have the same areas with the term

Larea =
𝑂∑
𝑀=1

(
𝑃∑

𝑁=1
𝑈𝐿𝑀𝑁 ↔ 𝑈𝑄𝑀𝑁

)2
. (4)

Since the pieces we search for are approximate rigid transformations
of each other, this term is not strictly necessary, but we found it
helps speed up the convergence (Fig. 8).

In addition, we prevent Voronoi cells from collapsing by minimiz-
ing the area variance within each piece:

Lbalance =
𝑂∑
𝑀=1

𝑃∑
𝑁=1

(
𝑈𝑀𝑁 ↔

∑𝑃
𝑇=1 𝑈𝑀𝑇
𝑀

)2
. (5)

This term also helps to avoid local minima where large cells poorly
approximate the boundary (Fig. 7).

5 Geometric Dissection
Starting from the optimized Voronoi diagrams for shapes 𝑁 and 𝑂,
which roughly satisfy our requirements for dissection (Sec. 3), we
re!ne the solution to generate an actual dissection by enforcing the
isometry requirement while maintaining the topological structure
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(a) (b) (c) (d)

Fig. 4. Coarsening geometric dissection. We first coarsen the Voronoi dia-
gram (a): contract boundary segments between corners where multiple cells
meet (b), then perform common refinement of the graphs to make sure in
each pair of corresponding faces vertices have 1-1 correspondence (c) (Pink
vertex indicates a new inserted vertex). Finally, we optimize the locations of
graph vertices, maintaining the bijectivity of this deformation (d).

(adjacency of the pieces). Given the topology, optimizing all the
piece shapes together remains di#cult because it is a joint opti-
mization of shape and rigid transformations. We develop a custom
optimization strategy that proceeds in a coarse-to-!ne manner by
!rst leveraging the partitions to construct a feasible solution — a
geometric dissection of simpli!ed polygons (Sec. 5.1). We then re!ne
this simpli!ed dissection by bijectively deforming it to better match
the input shapes, while keeping the found rigid transformations
!xed (Sec. 5.2).

5.1 Coarse Geometric Dissection
The goal of this stage is to bijectively deform the partitions into a
geometric dissection that coarsely approximates the input shapes.
For the two partitions, we form an embedded graph where the
vertices are the corners where multiple pieces meet, and edges
connect corners to split adjacent pieces (Fig. 4a). This e"ectively
coarsens each piece into a simple polygon. We then deform the
polygons of corresponding pieces of the two partitions such that
they become identical under rigid transformation, while preserving
their connectivity.

Common re!nement. Coarsening both partitionings independently
may lead to corresponding polygons having a di"erent number of
vertices. To address this, we leverage the transformation of the
pieces computed in Sec. 4. Given this transformation, we iterate
over all polygons and insert vertices as necessary until all vertices
of each polygon have a close correspondence in the corresponding
polygon. Please refer to Alg. 2 in the Supplementary Material for
details.

Bijective deformation of the coarse graphs. Let us denote P̄𝐿 as
the set of vertices of the coarse polygon approximation for shape
𝑁, and similarly, P̄𝑄 is the corresponding set of points for shape 𝑂.
Now that the polygons have one-to-one vertex correspondence, we
are ready to formulate the optimization problem as

argmin
P̄𝐿,P̄𝑀 ,Q1,...,Q𝑁

𝑊shapeLshape + 𝑊intLint

s.t. Q𝑀 (p̄𝐿𝑀𝑁) = p̄𝑄𝑀𝑁, (6)

(a) (b) (c) 

Fig. 5. We triangulate the coarse graphs from Sec. 5.1 (a,b), then bijectively
deform the triangulations to be!er approximate the input shape (c). In (c),
the input shapes are visualized in magenta; we show the correspondences
between the arrangement boundary and the input shapes in black.

where 𝑅 = {1, . . . ,𝐿}, Q𝑀 ↓ 𝑈𝑋 (2), and p̄𝐿𝑀𝑁 ↓ P̄𝐿 and p̄𝑄𝑀𝑁 ↓ P̄𝑄

are the𝑉th vertex position of the coarse approximated polygon of
𝑅 th piece for shapes 𝑁 and 𝑂. Here Lshape aims to preserve the 2D
length of the edges connecting the vertices of the polygons with all
the possible combinations

Lshape =
𝑂∑
𝑀=1

∑
{𝑈1,𝑈2 }↓E𝑂

(
↘p̄𝐿𝑀𝑈1 ↔ p̄𝐿𝑀𝑈2 ↘2 ↔ |p̄𝑄𝑀𝑈1 ↔ p̄𝑄𝑀𝑈2 ↘2

)2
, (7)

where the E𝑀 is the set of edges inside the polygon 𝑅 . The second
term Lint = ↔(𝑌 ↔ 𝑌)2 ln(𝑌/𝑌) is a barrier term that prevents in-
tersection between edges; 𝑌 is the minimum distance between two
edges; 𝑌 is the threshold distance — the barrier is only active when
𝑌 < 𝑌 , and equals zero otherwise. This is necessary to keep the de-
formation bijective. The equality constraint enforces the isometry.

We solve this optimization via the penalty method [Nocedal and
Wright 2006]; in our implementation, we set 𝑊int = 300; 𝑊shape and 𝑌
are given in Suppl. 4. The penalty weight starts at 1.0 and doubles
across four successive steps. At each step, our problem becomes un-
constrained nonlinear least squares, so we solve it via 25 iterations of
Levenberg–Marquardt with damping parameter 𝑊 = 10↔3, updated
each iteration as 𝑊 ≃ max(𝑊/2, 10↔6) on acceptance (if Armijo rule
is satis!ed), and 𝑊 ≃ min(10𝑊, 1012) on rejection. To enforce the
hard constraint in Eq. (6), in the end, we !x the rigid transformations
Q𝑀 and orthogonally project the found solution onto the now linear
equality constraint set (Fig. 4c). Note that !xing Q𝑀 might lead to
incompatible constraints (Eq. (6)) or self-intersections in the graph.
We discard such cases and continue with the next initialization of
the Voronoi sites (Sec. 4).

5.2 Bijective Refinement
Now that the rigid transformations between pieces are known, we
re!ne the shapes of those pieces via another bijective deformation,
bringing the assembled shapes closer to the input ones. We trian-
gulate both graphs, maintaining consistent triangulation for the
corresponding pieces (Fig. 5), then bijectively deform the two trian-
gulations to better approximate the input shapes, while preserving
the isometry and the seamlessness constraints. Let us denote P̃𝐿

as the set of vertices of the triangulated polygon for shape 𝑁, and
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similarly, P̃𝑄 is the corresponding set of points for shape 𝑂. We
minimize

argmin
P̃𝐿,P̃𝑀

LboundaryDist + 𝑊lapLlap + 𝑊SDLsymmDirichlet

s.t. Q𝑀 (p̃𝐿𝑀𝑁) = p̃𝑄𝑀𝑁, (8)

where p̃𝐿𝑀𝑁 ↓ P̃𝐿 and p̃𝑄𝑀𝑁 ↓ P̃𝑄 are the𝑉th vertex position of the
triangulated polygon of the 𝑅 th piece for shapes 𝑁 and 𝑂.
The equality constraints are linear, as the rigid transformations

are now !xed. We remove those constraints by reparameterization,
i.e., e"ectively substituting p̃𝑄𝑀𝑁 into the objective function. We
then follow Smith and Schaefer [2015], minimizing (8) via gradient
descent with the line search step limited by the bijectivity constraint.
The boundary distance LboundaryDist is the 𝑍2 distance between

the boundary of each arrangement and the corresponding input
shape, both parameterized by arc length.
The second term in Eq. (8) leverages this arclength-based point-

wise correspondence to encourage the Laplacian coordinates [Sorkine
et al. 2004] of the boundaries of both arrangements to be close to the
ones of the input shapes. Let 𝑎 {𝐿,𝑄}𝑉 ↓ R2 be Laplacian coordinates
of the 𝑏 th vertex of the boundary of arrangement 𝑁 or 𝑂, computed
by applying a 1D Laplacian to the vertex coordinates, and 𝑎 {𝐿,𝑄}𝑉 be
the Laplacian coordinates of the corresponding vertex on the input
shape. Then

Llap =
∑
𝑉

↘𝑎𝐿𝑉 ↔ 𝑎𝐿𝑉 ↘22 +
∑
𝑉

↘𝑎𝑄𝑉 ↔ 𝑎𝑄𝑉 ↘22 (9)

The last term, symmetric Dirichlet energy, regularizes the de-
formation by measuring triangle distortion. Per triangle 𝑐 with a
Jacobian 𝑑 it is de!ned as:

LSD (𝑐) = ↘F↘2𝑊
(
1 + 1

det(F)2
)
. (10)

The total distortion energy sums over all triangles weighted by their
rest area 𝑈𝑆 , normalized by the total mesh area:

LsymmDirichlet =
1

𝑈total

∑
𝑆

𝑈tLSD (𝑐) . (11)

We perform 1000 gradient descent steps; we use 𝑊lap = 2, 𝑊SD = 0.2
for all experiments. The result of this optimization is our !nal result
(Fig. 3d, Fig. 5c).

6 Results and Validation
We have automatically generated a number of geometric dissections
(e.g., Figs. 1, 3, 13). We used the same parameter values for all the
inputs in the paper. In the following, we further validate our method
by comparing it with a previous approach (Sec. 6.1), via quantitative
evaluations, and ablation studies (Sec. 6.2). Finally, we demonstrate
our method in di"erent application scenarios, including reuse of an
existing shape and geometric dissections of multiple shapes.

6.1 Comparisons with Previous Work
In Figs. 13,14 and Table 1, we compare our method with the method
of Duncan et al. [2017]. To ensure a fair runtime comparison, we
set the time limit of our method to 1h, 4h, or 6h for the dissections

into 4, 5, and 6 pieces, respectively; we always pick the result with
the smallest average 𝑍2 distance for the two shapes. We use an Intel
Xeon Max 9480 CPU with 56 cores.

Qualitatively, compared with the automatic results of Duncan
et al. [2017] (Fig. 13), while both methods visually reproduce the
input shapes, ours generates compact and well-proportioned pieces
due to the regularization term (Lreg in Sec. 4). In contrast, their
method often produces elongated components with extremely nar-
row sections that might be brittle or harder to fabricate.

Quantitatively, our method has lower geometric error on nearly
all examples (Table 1). We normalize all input shapes to the area of
10,000 px2. We uniformly sample 100 points on each shape; we report
Chamfer and Hausdor" distances to the input shapes. Our method
has a slightly higher mean (Chamfer) distance on the Bunny–Egg
example, where their method has a signi!cantly higher maximum
(Hausdor") error (16.41 vs. 11.80). Each reconstructed dissection is
then translated to best align with the input shape via ICP (keeping
the rotations !xed).
Even compared to the manually re!ned solutions of Duncan

et al. [2017] (Fig. 14), our automatic approach consistently generates
more compact and fabrication-friendly pieces while maintaining
competitive or lower reconstruction error (Table 1).

6.2 Ablation Studies
We evaluate the contribution of two terms that control areas in the
Voronoi-based partitioning (Sec. 4): the area balance term and the
area term in Figs. 7 and 8. Without the balance term the partition-
ing might have large, irregular cells that poorly approximate the
boundary geometry (Fig. 7). In Fig. 8, we average across 500 random
initializations and report the mean and standard deviation of the
average 𝑍2 boundary distance to the input shapes, with each shape
normalized to unit area. As the plot indicates, the area term speeds
up the convergence and tends to produce local minima with lower
loss values.

Number of Voronoi sites 𝑃 . Increasing the number of Voronoi
sites leads to a better approximation of the input shape (c.f. Fig. 9
with 𝑃 = 50 vs. 𝑃 = 200 Voronoi sites and Fig. 3 with 𝑃 = 125
Voronoi sites), at the cost of higher computation time (75/80/94 min
for 50/125/200 Voronoi sites, respectively).

Number of initializations for Voronoi-based partition. As discussed
in Sec. 4, we run multiple Voronoi initializations in parallel to ex-
plore the solution space. Each successful initialization produces a
valid dissection, so increasing the number of initializations trades ad-
ditional computation for better approximation quality. As Figs. 6, 2,
and 3(d) demonstrate, the best and second-best solutions are usually
both visually plausible and closely approximate input shapes.

(a) Best solution (b) Second-best solution

Fig. 6. Multiple 5-piece dissection solutions for Hat–Ghost case.
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First shape Second shape Averaged (!rst+second) Time

Shape Pair Chamfer distance Hausdor" distance Chamfer distance Hausdor" distance Avg Chamfer Avg Hausdor" Duncan Ours (sc)Duncan Ours Duncan Ours Duncan Ours Duncan Ours Duncan / Ours Duncan / Ours
Dog-Bone, 4 pieces 16.68 2.65 44.97 7.99 14.64 2.43 44.46 9.78 15.66 / 2.54 44.72 / 8.89 ⇐1h 1h (2100)
Dog-Bone, 5 pieces 6.20 4.01 14.11 13.74 8.83 3.69 17.25 13.64 7.52 / 3.85 15.68 / 13.69 N/A 4h (4688)
Trump-Map, 5 pieces 6.97 2.57 23.92 9.52 4.40 3.76 13.37 12.83 5.69 / 3.17 18.65 / 11.18 N/A 6h (5892)
Bunny-Egg, 6 pieces 5.34 3.69 16.41 11.80 2.04 2.83 5.16 7.68 3.69 / 3.26 10.79 / 9.74 ⇐9.7h 6h (4140)
Caterpillar-Butter$y, 6 pieces 5.85 5.34 17.54 14.15 6.70 3.88 19.11 13.26 6.28 / 4.61 18.33 / 13.71 N/A 6h (5643)
Cat-Bear, 6 pieces 5.22 2.71 17.79 8.71 4.10 2.90 10.33 9.13 4.66 / 2.81 14.06 / 8.92 N/A 6h (4285)
Serpent-Apple, 5 pieces 21.64 9.05 77.93 46.99 3.73 4.15 9.83 11.72 12.69 / 6.60 43.88 / 29.36 N/A 6h (5244)
Average (all) — — 8.03 / 3.83 23.73 / 13.64 — —

Table 1. Comparison with Duncan et al. [2017] in terms of mean Chamfer distance, Hausdor" distance, and runtime. Our method achieves roughly half the
error of Duncan et al. [2017] on average. The last column (sc) reports the number of successful configurations explored within the given runtime. Note that the
best result can be identified at any point during the execution of our method.

Furthermore, the optimization is relatively insensitive to the
choice of initialization. As shown in Fig. 8 (green), the Voronoi
optimization exhibits stable convergence despite the non-convex
objective. Across 500 random initializations, the best cost is 0.0130,
while the mean and median are similar (0.0202 and 0.0196, respec-
tively), with a standard deviation of 0.0038.

Number of pieces𝐿 . We next evaluate the in$uence of the number
of pieces on success rate and computational cost. We run the opti-
mization repeatedly for 𝐿 = 3, . . . , 8, collecting 3000 valid solutions
per setting, with total run times of 85, 98, 133, 184, 308, and 417
minutes respectively. Results are shown in Figs. 15. Fig. 10(b) breaks
down the runtime across pipeline stages: the Voronoi-based joint
partitioning dominates the total cost. A GPU implementation may
further speed up the Voronoi partitioning. Further analysis of the
constraint chains is provided in Suppl. 5.

(b) With area balance term (a) Without area balance term 

Fig. 7. E"ect of the area balance term. Starting from the same initialization,
the balance term helps regularize the cell area and avoid local minima in
which large cells poorly approximate the boundary.

As discussed in Sec. 5.1, small inaccuracies in the estimated trans-
formations during the !nal projection step of Eq. 6 may produce a
self-intersecting coarse graph, causing the initialization to be dis-
carded. Such failures become more frequent as the number of pieces
increases. The successful initialization rate decreases from 95.0% for
𝐿 = 3 to 49.8% for 𝐿 = 8, with intermediate rates of 89.2%, 81.6%,
72.8%, and 62.0%. As a result, more initializations are required to
obtain good solutions, leading to increased computation time.

6.3 Additional Applications
Shapes of di"erent genus and multiple shapes. Due to the $exibility

of the Voronoi-based joint partitioning, our method generalizes
beyond the closed, one-to-one shape constraint of [Duncan et al.
2017]. As shown in Fig. 16(a), our method supports shapes with
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Fig. 8. Ablation of the area term over 500 random initializations on
hat–ghost 4-piece design.Mean and ±1 standard deviation (shaded) of
the average 𝑋2 distance between corresponding boundary points—shapes
normalized to unit area—as a function of optimization iterations. Without
the area term (red), convergence is slower and yields a higher final error and
larger variance. Including the area term (green) leads to faster convergence
and a lower final error.

holes, demonstrated with a ghost-to-broccoli pair. It also handles
one-to-multiple shape con!gurations, as demonstrated in Fig. 16(b)
with a turtle-to-ghost and an arm example.

Shape reuse. Our method can also be used as a computational
framework for modular fashion, which aims to create garments
composed of interchangeable, recon!gurable components to support
$exibility, customization, and sustainability [Del Valle et al. 2025;
Li et al. 2018a; Lin et al. 2025]. As illustrated in Fig. 17, given two
input garment panels (a), our approach generates a set of patches
that can be recon!gured to assemble either a top or a pair of pants.
Furthermore, adding hard constraints to keep vertices exactly on
one of the input shapes, the pattern of the pants remains entirely
unchanged during optimization, enabling complete panel reuse [Qi
et al. 2025]. As shown in (c), the pants are fully reused into a top.

7 Limitations and Future Work
Our method only supports rotations and translations for the rigid
transformations, but not re$ections; including them in the search
space could potentially improve shape approximation.
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50
 cells

(a)  Voronoi-based joint partitioning process

200
 cells

(b) Results

Step
1 30 120 35010

Fig. 9. (a) The first, 10th, 30th, 120th, and 350th iterations of Voronoi parti-
tioning for 50 and 200 sites. We select the best result from 1,500 successful
examples. (b) Final results. Using 200 sites yields a closer approximation to
the input shape than 50 sites, at the cost of increased computation time.
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Fig. 10. Analysis of the e"ect of the number of pieces: (a) Average per-
vertex 𝑋2 distance to the target point vs number of pieces. Increasing the
number of pieces improves the approximation accuracy; (b) Breakdown of
the computational time across the di"erent stages of the processing pipeline
on a single thread.

Furthermore, while Li et al. [2018b] proposed a heuristic to test
whether two shapes are good candidates for hinged dissection, it
is unclear whether such a heuristic exists for our dissection prob-
lem; it could help identify promising shape pairs and warm-start
our optimization. In practice, we observe that a necessary condi-
tion for a good approximate dissection is that the two shapes have
similar distributions of boundary curvature (e.g., a spiral cannot be
well matched to a circle). This re$ects an inherent geometric limita-
tion of the dissection problem itself rather than a limitation of our
method. For the Ninja–Duck case in Fig. 11, the ninja’s boundary
contains many high-curvature regions distributed across the shape,
whereas the duck’s boundary is dominated by long, low-curvature
segments with only a few localized high-curvature features (e.g., the
beak and the tail). This mismatch in curvature distributions makes
it challenging to reuse the same set of dissection pieces for both
shapes.

(a) Input

(a) 9 pieces (b) 10 pieces

(b) Results, 6 pieces

Fig. 11. Ninja–Duck, 6 pieces. The red circle highlights a region where the
solution deviates noticeably from the input shape.

As future work, one could develop a more robust solver for Eq. 6
to improve scalability, as discussed in Sec. 6.2. Furthermore, as the
number of pieces increases, some generated pieces become thin
(red circles in Fig. 12(b)), making them di#cult to fabricate. This
issue could be addressed by improving the regularization terms or
adaptively adjusting their weights to encourage more fabrication-
friendly piece shapes.

(a) Input

(a) 9 pieces (b) 10 pieces

(b) Results, 6 pieces

Fig. 12. Duck–Dinosaur dissection results using 9 and 10 pieces. We collect
500 valid solutions for each se!ing. The 9-piece case requires 98 minutes
with a success rate of 32.9%, while the 10-piece case requires 162 minutes
with a success rate of 17.2%. Red circles in (b) highlight the thin parts.

Our current optimization focuses on geometric approximation
quality. Future work could include optimizing desirable properties
for engaging puzzles, such as visually distinct, aesthetically pleasing,
and interestingly shaped pieces, or controlling the target cognitive
di#culty level of a puzzle.
Finally, extending our framework to 3D could unlock applica-

tions such as surface reuse [Baas et al. 2025] and modular surface
design [Chen et al. 2023; Eigensatz et al. 2010]. A generalization
to volumetric shapes appears relatively direct, whereas extending
the method to surface meshes is substantially more challenging, as
corresponding pieces must preserve both boundary geometry and
surface curvature. We leave this problem for future work.
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(a) Dog-Bone, 4 pieces 

Avg Chamfer distance: 14.64  vs 2.43 

Duncan et al.

!"#$

(b) Dog-Bone, 5 pieces 

Avg Chamfer distance: 7.52  vs 3.85

Duncan et al.

!"#$

(c) Trump-Map, 5 pieces 

Duncan et al.

!"#$

Avg Chamfer distance: 5.69  vs 3.17 

(d) Bunny-Egg, 6 pieces 

Duncan et al.

!"#$

Avg Chamfer distance: 3.69  vs 3.26 

Fig. 13. Comparison with the automatic results of Duncan et al. [2017]. The black shapes are the original inputs; to the right of each case is the registered
point correspondence. Our approach achieves lower geometric error on nearly all examples, except for the egg, where [Duncan et al. 2017] a!ains a smaller
error at the cost of large distortion on the bunny.

(a) Cat-Bear, 6 pieces 
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Avg Chamfer distance: 6.28 vs 4.61 Avg Chamfer distance: 4.66 vs 2.81

(b) Caterpillar-Butterfly, 6 pieces (c) Serpent-Apple, 5 pieces 

Avg Chamfer distance: 12.69 vs 6.60 

Fig. 14. Comparison against the user-guided version of Duncan et al. [2017], which relies on manual annotations, whereas our method remains fully automatic
throughout.
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Fig. 15. Duck-Dinosaur dissection results using 3-8 pieces.
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Fig. 16. Le#: Shapes containing holes: Ghost–Broccoli; Right: Shapes composed of multiple disconnected components: Turtle–Ghost.

(c) Fully reuse pants to top

(b) Modular garment construction 

(a) Input

Top panel

Pants panel

Fig. 17. Given two input garment panels (a), (b) our method generates patches that can be reconfigured into either a top or a pair of pants, enabling modular
garment design. (c) By keeping the pant panel unchanged during optimization, it can be directly reused to a top with no material waste. Note in both cases
the top and pants can not co-exist.
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